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Abstract. - A unitary operator which relates the system of a particle in a linear potential with 
■ time-dependent parameters to that of a free particle, has been given. This operator, closely 

^ ' related to the one which is responsible for the existence of coherent states for a harmònic 

£ — , oscillator, is used to find a general wave packet described by an Airy function. The kernel 

(propagator) and a complete set of Hermite-Gaussian type wave functions are also given. 



Introduction. The existence of coherent and squeezed states for a simple harmònic 
oscillator |1I2| can be understood from the fact that there exist unitary transformations which 
Oh, leave the time-dependent Schòdinger equation (formally) invariant under the transformations. 
These transformations have been found as the relations between harmònic oscillators of time- 
dependent parameters pOE], while the transformations between the same simple harmònic 
oscillators can be applied to a stationary states to give the coherent and squeezed states 0]. 
ÇJ*. On the other hand, Feynman and Hibbs show that the kernel of a general quadratic system is 
described by the classical solutions of the system |5 . Since the wave function might be derived 
from the kernel, this suggests that the unitary transformations are described by classical 
solutions, as explicitly shown in the quadratic systems [S]. 

There has been considerable interest for the system of a particle in a linear potential (with 
time-dependent parameters) [7Í 8 9. This model has eigenfunctions (wave packets) described 
by the Airy function The model and the Airy wave functions on a half-line have been 
used to model the production of high harmònic generation in the làser irradiation of rare 
gases and the edge electron gas [EIEU- ^ ne m °del on piecewise domains and the wave 
functions have been frequently used to model various physical systems |14| . The Schòdinger 
equation for a free particle has also long been interesting in that the equation is formally 
identieal to the wave equation of a beam of light in the paraxial approximation JS] . 

In this article, we will show that there exists a unitary relation between the system of a 
particle in a linear potential and that of a free particle. Indeed, time-dependent unitary rela- 
tions have been known to be useful in analyzing quantum systems. Unitary transformations 
have been extensively used in showing that the Dirac theory goes to the Pauli theory in the 
non-relativistic limit |lrj| . and a unitary relation between the system of a charged particle in a 
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purely time-dependent vector potential and the same system in an accelerated frame without 
the vector potential has been given in ref. |17j . We will find a unitary transformation which 
relates the model of a linear potential (with time-dependent parameters) to a free particle 
system. The transformation resembles the one for a quadratic system which gives coherent 
states, and could be applied to any wave function of a free particle to give the wave function 
of a particle in a linear potential. This transformation will be explicitly used to find a general 
wave packet described by the Airy function, which clcarly shows the origin of the Berry-Balazs 
solution for the wave function of a free particle. Based on the kernel and wave functions of the 
quadratic system, the kernel (propagator) and a set of Hermite-Gaussian type wave functions 
for the linear system will also be given, and the completeness of the set will be proved. 

The model and a unitary transformation. - The model we will consider is described by 
the Schròdinger equation 

ih^(t,x) = -^—^{t,x)-xF{t)^{t,x), (1) 

where M(t) and F(t) denote the time-dependent mass and external force, respectively. Eq. 
(1) would describe a charged particle in a linear, sealar potential. The solution x p (t) for the 
classical equation of motion is given as 

ímll Fm+c ím) it ' +D · (2) 

which satisfies éí{M-^f-) = F, where C and D are arbitrary real constants. By defining the 
operators 

O = -iH^ + H^-iH^ + ^-xFit), (3) 
Ou = -^ +ffM = -^ + |l, (4) 
one may find the unitary relation 

U{x p )0 M U\x p ) = O, (5) 

where 

(6) 



U (x p ) = exp 
with the function of time £ defined as 



~[Mx p x + £,(x p )} 



aXp) = ~\J WO^OK- ( 7 ) 

The overdots denote differentiations with respect to the time of the system. 

From this unitary relation, one can find that, if a wave function ipM satisfies the Schròdinger 
equation Om^Pm = 0, the wave function UipM satisfies the Schròdinger equation O([/-0m) = 0. 
For a harmònic oscillator system, the center of probability distribution of a (generalized) co- 
herent state, obtained from a (stationary) state through a unitary transformation, moves 
along the trajectory described by a classical solution PEIEIEI· The unitary relation between 
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a linear system and the corresponding free particle system closely resembles the one for (gen- 
eralized) harmònic oscillators, in that the probability distribution of the unitarily transformed 
wave function moves globally, according to the classical solution, from the distribution of the 
original wave function, while the shapes of the two distributions are same. The shapes could 
evolve under the time-evolution, as in the generalized coherent states. If F = 0, the unitary 
relation becomes a relation between the two physically identical systems, while the relation is 
still not identically unity if we choose non-zero C and D; In this case, if M(í) is a constant, 
the probability distributions move with the constant speed C/M from each other. As may be 
clear in the F = case, the degrees of freedom of choosing C and D may be interpreted as a 
manifestation of Galilean symmetry in quantum mechanics. 

Airy wave packets. - For the linear system with a constant mass m, a constant force 
/(= 4r), and Hamiltonian H m (= £— — fx), there are eigenfunctions described by an Airy 
function: 

< f, = M[-JL(x + e)] > (8) 
with a constant e. The Airy function satishes the equation 

d 2 

— Ai(» - zAi(z) = 0, (9) 
which gives the energy-eigenvalue relation |1U| 



H m <t>(x) = (|-e)0(x). (10) 
Zm 



By choosing a particular solution as 



c f - 
p 4m 



dH 2 

' ' +Ct, (11) 



and applying the unitary transformation to a stationary wave packet - 0^(= ex P[ — iKfm^ 
mCe)](f)(x)), one can hnd a wave packet ipfree for a free particle system, as 



xM[-J^(x+^ + Ct + e)]. (12) 

If we take C = and e = 0, ipfree reduces to the wave packet of ref. 7 which propagates in free 
space without distortion and with constant acceleration. Our derivation of ipfree shows that 
the solution for a frec particle system given in ref. 7 is related to the stationary wave packet 
of zero energy-eigenvalue in a linear potential, while similar wave packets for the free particle 
system can also be found from the stationary wave packets of non-zero energy-eigenvlaues. 
By using a unitary operator U(x^ + D), one can obtain another expression for ipf ree , which is, 
however, similar to the one given in Eq. (12) with a redefinition of e. Even though the Airy 
wave functions are square-integrable on a half-line (x < L) JT] or on a piecewise domain, the 
wave function (packet) is not square-integrable on the whole line, as have been discussed in 
detail in ref. [Tü] , 
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The wave function iPm(t, x) satisfying the Schròdinger equation 

for a free particle with a time-varying mass M(t), can be found from ipfreej by replacing t 
with J Q jj^pjdt. Wave functions satisfying Eq. (1) can then be found by applying the unitary 
operator to ipM, as 



if>(t,x) = U(x^(t))^ M {t,x) 



t' i al et J4-I si et 



-*ïi-ïïmJ. <X F(t """"» dt ' + ï«TÍ,i« + / + / "W* 



where 



f3 , Mf ^ , , /3 3 , /"* di' , 2 , ^ /"* dt' 

t' 



.Ail-^(«-^( t ) + . + ^-(/ ^Í + Cy j^)], (13) 



<«> = X mm/. F(i " )< "'- (14) 

With the choice of C = and e = 0, tp{t,x) reduces to the one given in ref. [S]. 

A complete set of wave functions. - The kernel of a harmònic oscillator described by the 
Lagrangian 

L F = ^M(t)x 2 - ^M(t)w 2 (t)x 2 + F{t)x (15) 
whose classical equation of motion is given by 

j t (M^x)+w 2 x = F, (16) 

has been given in ref. The classical solution is described by two linearly independent 
homogeneous solutions u c (t) and v s (t) and one particular solution x p h(t). By requiring the 
conditions v s (t a ) = 0, u c (t a ) = 1, x p h(t a ) — 0, x ph (t a ) = on classical solutions, the 
expression of the kernel given in Eq. (32) of ref. jü| can be simplified to 



K F {b, a) 



! M{t b )v s (t a ) 
2irih v s (tb) 



x exp[4r{^M(í a )[-ú c (í a ) + ^ïMA ] + [ Xb - Xph (t b )] 2 M(t b f s{th 



- 2x a (x b - x ph {t b ))M{t a )^j^- + 2M(t b )x ph (t b )x b 

v s {t b ) 

+ J^(Mw 2 x 2 ph -Mx 2 ph )dt}}, (17) 

without loosing generality. The kernel for the system described by the Hamiltonian H can be 
found by considering the harmònic oscillator of w = 0. By letting u c (t b ) = 1, v s (t b ) = f f b 

and x p h(t b ) — J^ b jjfTs J t F(t')dt'dt, one may find that the kernel (propagator) can be written 
as 

K(b,a) = K(t b ,x b ;x a ,t a ) 
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t a M[tJ 



2mh J t tb -M- 



x exp^í-^^ - x b + £ ^ l F(t>)dt>dt) 



ft a Mjt] 

rtb ftb 1 rt 



+ 2x b J^F(t)dt-J^ J ^- ) (^ F{t')dt'fdt}] . (18) 

One can explicitly confirm that the kernel satisfies the initial condition in the coincidence 
limit 

lim K(b, a) = S(xb — x a ), (19) 

and the Schròdinger equation 

^Atf(M) = -^^K M - Xb F(t b )K( b ,a). (20) 

The results for the harmònic oscillator system can also be used to find wave functions for 
a particle in a linear potential. By defining 

í* dt ' 

v(t) = l (21) 

pm = -jumf+w. (22) 

with a positive constant b and an arbitrary real constant p, the wave function ip n : 

. , . 1 / yb ,b — iv .„ , i 

V2"n!\/7Ü V p p _ 

r^-^p)^ & . ,[bx-x p 



x exp[-{Mi p x + «ï,)}] exp[ v ^> {— + iM^}]H n (^ -—-^) (23) 

may be given, where H n is the n-th order Hermite polynomial and x p is given in Eq. (1). 
After some àlgebra, one can find the relation 

oo 

K(b,a) = y^^ip n (tb,Xb)ip*(t a ,x a ), for t b > t a , (24) 

n=0 

which proves that ipn satisfies the Schròdinger equation of Eq. (1), and the set of {ijj n \n = 
0, 1, 2, • • •} is complete. While the relation in Eq. (24) is vàlid for a general M(t), by defining 



! b-i(t b +p) b + i(t a +p) 
b + i(t b +p)V b-i(t a +pY 



(25) 



then Mehler's formula [TH| 



oo 



2 n nl ny ' ' íy ' V l-z 2 1 zP" ' l-z 

n=0 v 



and the fact that 



z _ p{t b )p{t a ) 
l-z 2 ~ 2ib(t b - t a ) : 



(27) 
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can be used for the proof of the relation for the case M = 1 . Contrary to the case of the Airy 
wave function, the shape of the probability distributions of these wave functions evolves as 
time passes. Following Ref. |15|. we define the generalized Gouy phase factor x(í) as 

tan X = (28) 

Expressions for the generalized spot size "f(t) and radius of curvature of the wave front s(í), 
which are real, are given through a single complex equality 

1 i 1 

7 2 (í) ~ hs(t) ~ b + iv(t) 

With these definitions, one can find that ip„ is written as 



t i í / : — == 

x -L eM~{Mx p x + t(x p ) + - i(« + \)x ^^]H n (^). (30) 

For the case of M = 1 and F = 0, if wc choosc x p = = p, tp n reduces to the Hermite- 
Gaussian mode in the paraxial approximation [15j . On the other hand, it is clear that, by 
applying the unitary transformation given in Eq. (6), the general expression of ip n (t) could 
be obtained from a Hermite-Gauss mode whose time is v (= v(t)). 

Summary. A unitary transformation which relates the model of a linear potential 
(with time-dependent parameters) to a free particle system has been given. This transfor- 
mation closely resembles the one responsible for the existence of coherent states in harmònic 
oscillators, and the two arbitrary parameters in the transformation have been interpreted as 
a manifestation of the Galilean symmetry of classical mechanics. While this transformation 
(with a change of the time-scale) can be used to find a wave function of a particle in a linear 
potential from any wave function of a free particle, this transformation has been explicitly 
used to find a general wave packet described by an Airy function. Based on the kernel and 
wave functions of a generalized harmònic oscillator, the kernel and a set of Hermite-Gaussian 
type wave functions are also given. The completeness of the set has been proved for a general 
case, while such a proof is still not available in the harmònic oscillator system. 
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